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Abstract. In nature, active inference agents must learn how observa-
tions of the world represent the state of the agent. In engineering, the
physics behind sensors is often known reasonably accurately and mea-
surement functions can be incorporated into generative models. When
a measurement function is non-linear, the transformed variable is typi-
cally approximated with a Gaussian distribution to ensure tractable in-
ference. We show that Gaussian approximations that are sensitive to the
curvature of the measurement function, such as a second-order Taylor
approximation, produce a state-dependent ambiguity term. This induces
a preference over states, based on how accurately the state can be in-
ferred from the observation. We demonstrate this preference with a robot
navigation experiment where agents plan trajectories.
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1 Introduction

In nature, intelligent agents build a model to infer the causes of their sensations
[2]. In engineering, we are able to utilize knowledge of the relevant physics to
structure such a model. In particular, we often know how sensors measure states
of the world. For example, we know how radar measures relative velocity and
distance [19]. Measurement functions that are non-linear transformations of state
variables pose challenges to state estimation, which are often dealt with using
Gaussian approximations of the transformed variables [8[14]. We show that for
certain Gaussian approximations, an active inference agent will prefer to avoid
states because it already knows that state estimation will be difficult.

Active inference agents are based on free energy functionals that rank poli-
cies on explorative and goal-directed behaviour [BI7J6JI6]. The expected free
energy functional can be understood through its decomposition into a cross-
entropy term between states and observations given action ("ambiguity"), and
a Kullback-Leibler divergence between the posterior predictive and a goal prior
distribution ("risk") [7/184]. We show that Gaussian approximations of a non-
linear observation function that are itself linear in the covariance matrix, e.g.,
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first-order Taylor and the unscented transform [9], lead to ambiguity terms that
are constant over states. This echoes an earlier finding that agents with a linear
Gaussian state-space model exhibit a constant ambiguity term [10]. However,
utilizing a second-order Taylor approximation induces a non-constant ambigu-
ity term. Under this model, the agent will avoid states where the non-linear
measurement function curves strongly. Our contributions are:

— Analysis of ambiguity in expected free energy functions under three different
Gaussian approximations.

— An experiment where a robot must plan a trajectory and navigate to a goal
prior distribution, testing the effect of the ambiguity term.

2 Problem statement

We want to plan a trajectory for a robot across a plane. The robot’s state
at time k is its planar position and time derivatives, z; € RP=. The robot
does not sense position directly, but has to infer it from noisy measurements
yr € RPv, produced by a sensor through a non-linear mapping g : RP» — RPv
and measurement noise v, € RPv. It accepts control inputs u; € RP* and moves
according to linear dynamics with a transition matrix A € RP+*P=  control
matrix B € RP=*Pu and process noise e, € RP=. Overall, we consider robot
systems described with discrete-time state-space models of the form:

xp = Axp_1 + Bug + ey, exr ~N(0,Q), (1)
yk:g(xk)+vka kaN(O7R)? (2)

where @), R are noise covariance matrices.

The goal is to find a sequence of T' controls 4y = ugy1, ... up+r that produces
future states close to a desired state z,.. Agents must plan every time-step. The
challenge is that errors in state estimation may cause drastic changes in the
planned trajectory, which can lead an agent astray.

Example Consider a robot with position and velocity states that must move
from position 2o = (0, —1) to x, = (0, 1). Its state transition, control and process
noise covariance matrices are given by:

10 At 0 00 ot4 0 oA 0
2 A® 2 A2

N L I P U SR =) B
001 0 At 0 of%- 0 oAt 0
000 1 0 At 0 o345 0 o3At

for At = 0.5, 01 = 09 = 0.1. Measurements are produced by a sensor station at
(0,0) that reports relative angle ¢, € [—7 n] and relative distance dj € [0, 00).
The mapping and measurement noise covariance matrix are:

- []-BTE) B o

dy, arctan(zyy, Taok) 0 p3
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where p; = pa = 0.001. Suppose it uses an extended Kalman filter (first-order
Taylor approximation) for state estimation and a finite-horizon model-predictive
control objective of the form:

kT
Jp(tiy) = Z ((AZy_1+Buy) — 2.) 'O ((Afy—1+Bug) — z) +qui,  (5)
t=k+1

where # is the mean state, &y = AZ;_1+ Buy, C is a cost matrix (ones for
position, zeros for velocity) and 7 a regularization parameter. Minimizing this
objective every time-step produces the control sequence ﬂ}lﬂpc = arg min Jy (ay)-
Such an agent will first plan a trajectory moving directly forward, as described in
Figure [1] (left). However, as it approaches the sensor station, its state estimate
become progressively more inaccurate and it makes increasingly more drastic
adjustments to the control plan (see k =5 in Figure [ middle). Figure [1] (right)
shows the executed trajectory over a trial of 10 steps, demonstrating that the
agent lost track of the robot’s state and did not successfully reach the target.

position y

position y
00

position y

Go os:o0-Q
ul

1 2 -2

o o o
position x position x position x

Fig. 1. (Left) Planned trajectory at k = 1, from start to goal directly over the sensor
station. (Middle) Planned trajectory at k = 5 showing a mismatch between true and
estimated state resulting in a strong adjustment to the planned trajectory. (Right)
Executed trajectory over a trial of 10 steps demonstrates the agent losing track of the
robot when it approaches the sensor station.

3 Agent specification

3.1 Probabilistic Model
The agent’s model will have Gaussian prior distributions over states and controls,
p(xo) = N(xzo | mo, So),  N(uk |0,971), (6)

with mean mg, covariance matrix Sy, precision 7 and identity matrix I. The
agent’s state transition will also be expressed as a Gaussian distribution:

p(xk | Tp—1,ur) = N (x| Azp—1 + Bug, Q). (7)
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Let the marginal state =5 be Gaussian distributed, i.e., p(zx) = N(zy | mg, Sk).
We restrict our attention to approximations of the nonlinear sensor g(xy) that
produce Gaussian joint distributions over states and observations [14], i.e.,

R R ®

From the joint, we obtain a conditional distribution of observations given states:
Py | zk) = N (y | e + IS, (e — mu), S — TeS; LY 9)

This distribution is linear in xj, and will allow for exact Bayesian filtering.
But note that the parameters ug, I'y, and X may be nonlinear functions of xy,
depending on the type of Gaussian approximation (specifics treated in Section,
and may thus capture more of the effect of g(xy).

3.2 Inferring states

We assume that, when inferring states, the agent has observed the system output
yr = Jx and input ug = 3. Let Dy, = {§;, 4; }¥_, refer to data observed thus far.
Given the known executed control, state estimation follows the general Bayesian
filtering equations [14]. Firstly, the prior predictive distribution is given by:

p(k| Uk, D) = /P(l’k|zk-1,ﬂk)p(xk-1|Dk-1)d$k-1 = N (zx| mg, Sk) . (10)

with ms £ Amy_1 + Biy, and S, £ AS,,_1 AT + Q. This prediction is corrected
by the observation through Bayes’ rule [14],

(Uk | 1)

mp(axk |, Die1) = N (k| 7k, Sk) (11)

p(zk | D) =
with my = my, + szgl(]jk — Mk) and S} = Sk — FkZ]:le-

3.3 Inferring controls

We will discuss the inference procedure first for a single step into the future, and
then generalize to a finite horizon of length T'. Predictions for the future state
and observation are made by unrolling the generative model to ¢t = k + 1:

(Y, vty ue | Di) = p(ye | we)p(2e | we; Di)p(ue) - (12)

We will use an expected free energy functional to infer a posterior distribution
over the control u; [13]:

Fild] :/Q(?Jt|fUt)/Q(fﬁt,ut)ln]md(ut,xt)dyt. (13)
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The variational model is specified to be:

q(ye | 20) £ p(ye | 2e), gl ue) 2 play | ue Di)gluy) - (14)

Constraining q(y; | ;) to the Gaussian approximation defined in Eq. |§| allows us
to study deterministic approximations in an expected free energy minimization
context. Given this variational model, Eq. [I3] may be re-arranged to:

Fild = /p(yt | 1) /p(ft | ue; Di)q(ue) In p;x(;lfg;z’;)g:;)

M utw ol N p(@e | ue; Di)q(us) )\ du
—/q( t)(/p(yt, | us D)l P(yt,xt\Ut;Dk)]U(Ut)d(y1t7 t))d e (19

d(zy, u)dy; (15)

M otu nq(ut) ol 0 p(z¢ | ug; Dy) o)) du
_/Q( t)(l p(ue) —i_/p(yt7 tlue; i) L P(yt7xt|ut;pk)d(yt7 t))d e (1)

Tk (ut)

We refer to Ji(u;) as the expected free energy function as it depends on the
value of u; not on its distribution. Under Ji(u:) = In(1/exp(—Jx(ut))), the
expected free energy functional can be concisely expressed as:

Filgl = / q(ue) In q(w) duy . (18)

p(uy) exp (=T (ur))
The above is a Kullback-Leibler divergence, which is minimal when
q" (ur) o< plur) exp (= Ti(ur)) - (19)

The proportionality is due to the implicit constraimﬂ that ¢* (u;) should integrate
to 1. To work out the expectation in Eq. [I7] we first decompose the joint over
states and observations into

P(Ye, x| ue; Dr) = p(@t | Y, ue; Di)p(ye) (20)

and then intervene on the marginal distribution over y; with a distribution re-
flecting desired future observations (a.k.a. goal prior) [I1]:

p(ye) = p(ye | y) = N (e | e 2s) - (21)
The next step involves applying Bayes’ rule in the inverse direction:

p(iﬂt | ytaut;Dk) P(yt | xt)p(fvt | Ut;Dk) ’

L'A more rigorous treatment would define a Lagrangian with normalization and
marginalization constraints [I7]. However, such a treatment is inconsequential when
resorting to MAP estimation, as will be pursued later in the paper.
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where the marginal prediction for the future observation is:

o i) = [ plon | 20) ploe | wi D)y (23)
= [ ] B S =z e

Note that u; and X; depend on u; through m;. Plugging Eqs. 1] and [22] into
Eq. 20] yields:

p(x¢|ue; D) (¢ | ut; D)
p(ye | y«) p(ye | 2e)p(we | ue; Di)

, Xy | ug; D
=/p(yt7wt | uﬁDk)[_ In M}d(yuxt)

jk(ut)Z/p(yuxtWt;Dk)ln d(ye, z¢) (25)

p(z¢ | ug; Dy)
ambiguity
ug; D
+ / [/p(yt,xt | ut;Dk)dxt} In ZM dy; . (26)
p(ye [ y«)
risk

"Risk" refers to the Kullback-Leibler (KL) divergence between predicted and de-
sired future observations. The inner integral in the risk term leads to a Gaussian
distribution (Eq. and the KL divergence between Gaussians is [3]:

p(ytlut;Dk)} _ 1<1 | 2]

p(ye | y«) 2\ Dy + (2% —5—%))) . (27)

Ep(y, | wisDi) [ln )
where W, £ (. — 1) (p« — p)7- "Ambiguity" refers to the conditional entropy
of the future observations given the future states.

Lemma 1. Ambiguity, as defined in Eq. for a generative model described in
Eq.[13 and a variational distribution described in Eq. is:

(yt,$t|ut;Dk)}

P D 1 =1
. —1 = In(2 —Inl|X, —ITS'TL|. (2
Ep(ymxt\utﬂ)k)[ n p(l‘t|ut§Dk) n( We) + 9 n| t t St t| ( 8)

)
2
The proof is in Appendix [A] Note that the first term does not depend on the

state ;. Plugging Eqs. [27|and [28|into the expected free energy function (Eq.
produces:

|2
| 2|

1 _
Jk(ut):i(ln + Dy In2m)+tr( 0 (D)) +n | £ - TT ST - (29)
Note that I3, 2 and ¥, depend on u;. The above steps can be generalized to a
longer time horizon ¢t = k + 1,...k + T. Because the prior is independent over
time, p(u) = Hthl p(ut) (see Eq. @), the function Ji(u) factorizes to a sum of

. . T
recursive expected free energy functions >, | Ji(us).
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We are interested in the most probable value under the approximate control
posterior, i.e., the MAP estimate:

k+T
4 = arg max ¢* () = arg min Z Je(ue) —Inp(ue), (30)
ueu aeu S

where U/ C R” is the space of affordable controls over T steps. Constraints such
as motor force limits can be imposed during optimization.

4 Gaussian approximations

We discuss the three most popular Gaussian approximations to non-linear trans-
formations of Gaussian random variables: the first and second-order Taylor series
approximations (used in extended Kalman filters) and the unscented transform
(used in the unscented Kalman filter) [98][I4], Ch. 5].

The first-order Taylor series approximation effectively linearizes the non-
linear observation function g(z;). Since ambiguity is known to be constant over
states under a linear observation function [I0], it is no surprise that the first-
order Taylor also leads to an ambiguity term that is constant over states.

Theorem 1. Let G, (m;) be the Jacobian of g with respect to x:, evaluated at
my¢. Under a first-order Taylor approximation, the parameters Xy, Iy are:

Xy = G (my)SiGo(my) T+ R, I = SiG.(my)T. (31)

With these parameters, the ambiguity term does not depend on the state x;:

p(s, w4 | we; D) D, 1
E . —In————————| = —In(27e) + — In|R|. 32
p(ye,z¢ | ue;Di) [ (xt | uth) ] 2 Il( 6) 2 1’1‘ | ( )

The proof is in Appendix [B] Perhaps surprisingly, under the second-order Taylor
approximation, the ambiguity term varies as a function of the state z;.

Theorem 2. Let G&Q(mt) be the Hessian of the i-th element of the non-linear
observation function evaluated at m; and e; be a canonical basis vector. The
parameters Xy, [y computed thmugh a second-order Taylor approximation are:

2y = Go(my) S, Gy Zzez Ttr(GU)(me) $,GY) (m4)Sy) + R

=1 j=1
Ft = th$(mt>T . (33)
With these parameters, the ambiguity term depends on x; through:

p(ytaxt \ Utéplc)

T o P [usDi) 34
plur.ae | ueiDi) | p($t|ut;Dk) ) !

Dy ()¢ )
71n(27re) ‘2 Zez Ttr G\ (my)S;GY) (mt)St —|—R‘

=1 j=1

The proof is in Appendix [C]



8 W.M. Kouw

Interestingly, the ambiguity is also constant for the unscented transform.

Theorem 3. Define 2D, + 1 sigma points as:

Xo 2y, X 2m+VDe FA[VS]., Xpoti 2 —/De + A[VS],, (35)

where i = 1,...D,, []; denotes the i-th column of a matriz, and V'S denotes the
matriz square root such that vSV'S = S. The parameter A £ o2 (D + k) — D,
depends on free parameters a and k. Define 2D, + 1 weights as:

s _A a_ L
Du 42 Dot N

wo +(1-a*+5), w; (36)

for i =1,...2D, and B as an additional free parameter. Under these sigma
points and weights, the parameters p,, Xy, I are [T4, Eq. 5.89]:

A 2D, 1 2D
- ) — (e N \T
Dw+/\g(XO) + ; Q(DI—F/\)Q(XJ, I ;wz(Xz me)(g(xi) —pe)T,

Ht =

Zi= 3 wilglu) — ) (g(x) — )T + R (37)
i=0

Then, the ambiguity is independent of the state:

(Y, T4 | Ut;Dk)] _ Dy

1
E . - = —1In(2 —In|R|. 38
p(yt, Tt | utA,'Dk)I: p(l't | ut;Dk) n( 776) + 2 Il‘ | ( )

2

The proof can be found in the Appendix[D] This result is conjectured to hold for
other Gaussian approximations that are linear in their estimate of the covariance
matrix, for example the Gauss-Hermite approximation [14, Ch. 6].

5 Experiments

Our experiment is as described in Section [2] with the nonlinear observation
function g(-) measuring relative angle and distance to a base station. Examples
of sensors include Hall effect and ultrasound sensors. The robot starts at xg =
[0 -1 0 0] and must reach z, = [0 1 0 0]. The agent’s state prior distribution’s
parameters were mo = [0 -1 0 0] and So = 0.51. Its control prior precision was
set to a tiny value, n = 1.0 - 1078, so as to best study the effects of ambiguity
and risk. It was given a goal prior of m, = g(z,) and S, = 0.51.

We will compare three agentﬂ firstly, an agent that uses the first-order Tay-
lor approximation, referred to as EFE1. Secondly, an agent with a second-order
Taylor approximation, referred to as EFE2. Thirdly, an agent with a second-
order Taylor approximation but with only the risk term included, referred to as
EFER. The difference between EFER and EFE2 reflects the effect of the ambi-
guity term, while the difference between EFE1 and EFE2 reflects the effect of

? Details and code at: |https://github.com/biaslab/TWATI2024-ambiguity
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the second-order Gaussian approximation. Figure [2| plots the value of the con-
trol objective function at every position in state-space, under a state covariance
matrix of S; = I. States close to the sensor station are red and will lead to high
values under the control objective. Note that the area around the sensor sta-
tion increases from EFE1 to EFER due to the curvature of the relative distance
sensor. The white markers are the approximate minimizers for this choice of S;
matrix. Comparing EFER and EFE2; we can see that ambiguity increases the
cost of being close to the sensor station.

X2

Fig. 2. Value under three EFE functions over a plane: EFEL1 is risk and ambiguity un-
der a first-order Taylor approximation, EFER is risk only under a second-order Taylor
approximation and EFE2 is both risk and ambiguity under a second-order Taylor ap-
proximation. White markers indicate minimizers. Note that each EFE function induces
a different preference over states.

We ran 100 Monte Carlo experiments. Figure [3| plots the average trajectory
of T'= 30 steps taken by the EFE1, EFER and EFE2 agents. Ribbons indicate
the standard error of the mean at every time-point. Note that all agents avoid
the sensor station, with EFE2 taking the widest curve (EFE1 and EFER turn
at 1 = 1.0 while EFE2 turns at z; = 1.5). EFE1 and EFER lose track of the
robot in a number of experiments (like the model predictive controller in Sec. [2)),
leading to a more volatile average trajectory. EFE2 has the smoothest average
trajectory, indicating that the ambiguity term helps planning.

EFE1 EFER EFE2

< sensor

X2
X2
X2

-1 -1 -1

X1 X1 X1

Fig. 3. Trajectories of agents under three EFE functions, averaged over 100 Monte
Carlo samples (ribbon is standard deviation of the mean). The robot starts at the
green marker and must reach the red goal marker. All agents avoid the sensor station,
with EFE2 taking the widest curve and having the smoothest average trajectory.
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6 Discussion

One could argue that our analysis is more about model selection than inference,
as each Gaussian approximation essentially constitutes a different generative
model. In that sense, the experiments only indicate that richer approximations
of nonlinear functions lead to better performance, which is not surprising. How-
ever, the result is more subtle than that since the unscented transform is richer
than the first-order Taylor (produces a more accurate mean estimate [§]) but
apparently still leads to constant ambiguity. No, the approximation must be
sensitive to how the covariance matrix of the joint distribution over states and
observations changes as a function of ¢g’s curvature. It would be interesting to
extend this work with parameter estimation, such as inferring the process noise
covariance matrix using a Wishart distribution [I5], or the state transition ma-
trix with a Matrix-Normal distribution [1/12].

7 Conclusion

We examined active inference agents with linear Gaussian distributed dynamics
and a non-linear measurement function. We found that the first-order Taylor
series and unscented transform approximations to the non-linearly transformed
states lead to expected free energy functions with ambiguity terms that are
constant over states. A second-order Taylor approximation leads to a state-
dependent ambiguity term, inducing a preference over states.

Acknowledgments. The author gratefully acknowledges financial support from the
Eindhoven Artificial Intelligence Systems Institute (EAISI) at TU Eindhoven.

Disclosure of Interests. The authors have no competing interests to declare that
are relevant to the content of this article.

A Appendix: proof of Lemma 1

Proof. The cross-entropy is split into two entropies that simplify according to:

[_mp(yt,wt | ut;Dk)]

Eoys x| ue;
plyeswe | wsDr) p(z¢ [ ue; D)
7 S, I T m S, I

- | N Lt my 7 tE Y IV t t ’ t Lty g ’

/ (|:yt:| ‘ |:,ut FtT X, ) n ( n | i FtT X, ) (yt -Tt)

+ /N(I’t | ’ﬁ’Lt7 St) IHN(I’t | mt, gt)dl’t (39)
D, +D, 1 S I} D, 1 -
= —"—In(2mre) + 3 In | {FJ 5, | - (7 In(2me) + 3 In |St|) (40)

D, 1 - Ta-1 1 -

:71n(27re)+§ln(\5t|-\2tfft S, Ft|)f§ln|5t| (41)

D 1 _
- Ty In(27e) + gl | X, — ITS; Ty (42)
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B Appendix: proof of Theorem 1
Proof. Plugging X, I'; from into the result from Lemma yields:

% In(2me) + %m | X, — 7St (43)
D 1 _ I
= 7?/ In(2me) + gl |G (114) S Go ()T + R — Gy (1) ST S, 1S, G (112) 7|
D 1
= 71/ In(2me) + 3 In|R|. (44)

The cancellation is due to S; being symmetric, i.e., STS; ! = 5,5;! =

C Appendix: proof of Theorem 2
Proof. Plugging X, I} from into the result from Lemma yields:

g In(2re) fln‘Et—FTS 1r‘ In(2re) + %ln‘Gx(mt)S’th(mt)T (45)
1 Dy Dy
42 Zze, Ter (GU) (1) S, G9) () S1) + R — G (1) ST S Staz(mt)T‘
i=1 j=1
D 1. 1
_ - - ) D) (NG, 20 (7,) G
= 7” In(2me) + 5 1n) 5 ;;eze}tr(Ggg(mt)Stijw (me)St) + R‘ . (46)

The covariance matrix S; is symmetric, i.e., STS; ' = S;S;! = I. Note that
the Hessian chlg(mt) depends on the inferred mean of the predicted state mq,
meaning that ambiguity is not constant over state-space.

D Appendix: proof of Theorem 3

Proof. Plugging py, 3y, Iy from into the log-determinant term from the
result in Lemma [T} gives:

1 - 1
S| T = TS| =5 ln‘ Z wir(9(xir) = 1) (g(Xir) =) T + R

(sz xi—imn)(g(x) ~n0)T) S (ij (o) —w)7)|. (47)

The second term can be re-arranged to:

(%wi(Xi_mt)(g(X) ) (ij —1my) (Xj)—Mt)T)
=0
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Note that for j =0, (x; —m)=(m;—m,;)=0. Let Dy = D, + A. For j > 1:
(i —1m) TSy w; (3 — 1) (49)

= (4 (1) VD[V =) 87 -+ (<1 VDA [V )

- A VB SIVELS [V,

— () [VE)TS VS, (51)

J

(50)

Furthermore, note that column selection Hz is equivalent to right-multiplication
with a canonical basis vector e;;

VEITS VS, = (Vi) 'S0 (VEre)) = eIV 57 Ve, (52)

Since S; is a normal matrix, the eigendecomposition S; = V2V ~! generates an
orthonormal eigenvector matrix V, implying V~! = VT, and a diagonal matrix

of eigenvalues 2. This means that v/S; = V272V ! and that:

V857G = (VR TV v (Ve Ay (53)
= vRy-ty Tty Tty pt/zy (54)
=VV =1 (55)

Therefore, e] Ie; will be 1 for all i = j and 0 for ¢ # j. We can thus identify two
cases in the double sum in (48), one of which is always 0:

2D, 2D, B
0D wilg(xs) =) (= ma) TSy w; (¢ =) (9(x5) = p1e)T (56)
i=0 j=0
2D,
=53 wilg() (1) 1 (g(g)— )T
=0 j=1
2D,
+ 0> wilgha) =) (1) 0 (g(x) —p)T  (57)
i=0 j£i
2D,
= wilg(xi)—pe) (g0x:) — )T (58)
1=0

where the (—1)+7) drops out because for i = j, i + j will always be even. One
may now recognize that has two terms that cancel each other:

2D, 2D,

5 ln | Z wi( i) (90 ) =) THR =3 wilg(xi) =) (90s) —p10)T|

=0
1
= 5 n|R|. (59)

Using this result and Lemma 1, we have proven Theorem 3.
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