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Abstract

We present a Forney-style factor graph representation for the class of multivariate autore-
gressive models with exogenous inputs, and we propose an online Bayesian parameter-
identification procedure based on message passing within this graph. We derive message-
update rules for (1) a custom factor node that represents the multivariate autoregressive
likelihood function and (2) the matrix normal Wishart distribution over the parameters.
The flow of messages reveals how parameter uncertainty propagates into predictive un-
certainty over the system outputs and how individual factor nodes and edges contribute
to the overall model evidence. We evaluate the message-passing-based procedure on (i)
a simulated autoregressive system, demonstrating convergence, and (ii) on a benchmark
task, demonstrating strong predictive performance.

Keywords: Bayesian inference; probabilistic graphical models; message passing; system
identification; stochastic systems; autoregressive models

1. Introduction

Autoregressive models provide a simple yet powerful framework for capturing dy-
namical systems [1-5]. Multivariate autoregressive models with exogenous inputs (MARX)
exhibit a complex dependence structure. Each component of the vector signal evolves as a
weighted combination of (i) its own past observations, (ii) other components, and (iii) an
exogenous vector-valued input signal [6,7]. This intricate dependence structure generates
significant uncertainty in parameter estimation.

Bayesian inference offers a principled approach for quantifying and propagating this
uncertainty into predictions for future system outputs [8,9]. Moreover, uncertainty quan-
tification enables the incorporation of information-theoretic quantities into cost functions,
which is useful for optimal experimental design and adaptive control [10,11]. Markov
Chain Monte Carlo techniques are typically employed to approximate posterior distribu-
tions. However their computational cost makes them impractical for large-scale real-time
applications such as online system identification and adaptive control. In contrast, exact
and variational inference methods provide full posterior distributions over parameters,
thereby enabling robust decision-making under uncertainty [12,13]. This capability is
particularly crucial in safety-critical applications, such as robotics, where understanding
uncertainty is as important as making accurate predictions.
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To address this challenge, we introduce an exact recursive Bayesian estimator that
maintains a full posterior distribution and is computationally efficient. Recursive estimators
offer a scalable alternative to batch estimators, but they either lack posterior uncertainty
over parameters or rely on approximations [3,8]. Shaarawy and Ali proposed an exact
recursive Bayesian estimator based on the matrix normal Wishart distribution, demonstrat-
ing its effectiveness for system identification [9]. We extend their approach by casting the
inference procedure as a message-passing algorithm on a factor graph, thereby improving
both computational efficiency and interpretability.

Factor graphs are graphical tools that capture the probabilistic relationships between
random variables [14]. Many algorithms, including inference, can be formulated as message
passing on a factor graph. Thus, message passing on factor graphs provides a structured
and scalable framework for Bayesian inference, offering several key advantages over
conventional inference frameworks [15-17]. We specifically consider Forney-style factor
graphs, for their simplicity and compact visual representation [18]. First, factor graphs
offer an intuitive representation of probabilistic models and data flow by depicting distinct
probabilistic relationships as separate factor nodes that explicitly capture dependencies
between variables [15,17]. This structured representation makes the inference process
more interpretable and supports a more flexible model design, contributing to explainable
artificial intelligence [19,20]. Second, message passing on factor graphs enables distributed
computation by structuring inference into localized update rules at each node [21]. In
particular, casting inference as message passing on a factor graph can enable federated
learning, which accelerates learning in a multi-agent setting where physically separated
agents share likelihood messages for joint parameter estimation [22]. This formulation
significantly reduces the computational complexity compared to traditional recursive
methods, making real-time Bayesian inference more tractable in large-scale settings [23,24].
Localized updates facilitate the efficient propagation of uncertainty throughout the graph,
allowing for the attribution of uncertainty to specific sources, for example, distinguishing
between prediction uncertainty arising from the likelihood model versus uncertainty in the
inferred parameters. This fine-grained decomposition of uncertainties further enables a
novel evaluation of model performance: the negative log-model evidence (surprisal) can
be decomposed into contributions from individual nodes and edges in the factor graph.
By analyzing how these contributions evolve over time, one gains detailed insights into
the learning dynamics during system identification, thus linking model evaluation directly
to the underlying probabilistic structure. Lastly, message passing unifies a broad class
of algorithms, spanning signal filtering, optimal control, and path planning [14,17,24,25],
making it a computationally efficient tool for probabilistic reasoning in large-scale problems.
Overall, by leveraging this structured inference technique, our approach not only enhances
Bayesian inference for dynamical systems but also yields more interpretable, scalable, and
computationally efficient probabilistic machine learning models.

In summary, our key contributions are as follows:

*  We derive a message-passing algorithm for exact recursive Bayesian inference in MARX
models, maintaining full posterior distributions while ensuring computational efficiency.

*  We extend the inference framework to predict future system outputs that explicitly
account for parameter uncertainty, improving robustness for real-time applications.

*  We introduce a novel model evaluation method by decomposing the negative log-
model evidence (surprisal) into contributions from individual nodes and edges in the
factor graph, providing insights into uncertainty and learning dynamics.

¢  We demonstrate the effectiveness of our approach through empirical evaluations on (i) a
synthetic MARX system with known parameters for verification, and (ii) two synthetic
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dynamical systems with unknown parameters: a double mass-spring-damper system
and a nonlinear double pendulum system.

The remainder of this paper is organized as follows. In Section 2, we formally describe
the class of the discrete-time dynamical system considered. In Section 3, we present
our probabilistic MARX model and its representation using Forney-style factor graphs.
In Section 4, we detail the message-passing algorithm for recursive Bayesian inference,
including both parameter estimation and predictive inference. In Section 5, we introduce
our novel evaluation method based on decomposing surprisal. In Section 6, we demonstrate
the effectiveness of our approach on synthetic system identification tasks. In Section 7,
we discuss the computational benefits, interpretability, and broader implications of our
method. Finally, in Section 8, we conclude this paper.

2. Problem Statement

We consider discrete-time dynamical systems, represented by a state z; € RPz and
driven by a control signal u; € RP». These systems evolve according to a state transition
function f : RPz x RP« s RP:. At each time step, we observe a noisy measurement
yx € RDY of the state via a measurement function g : RP: +— RP». This can be expressed as
a state—space model of the form:

zk = f(zk—1,ux), yi = 8(zx) +ex,

where ¢, € RP" is a stochastic disturbance. Our objective is to predict future observations
yt for t > k, given future inputs u;, without prior knowledge about the system dynamics.

3. Model Specification

To address the problem defined in Section 2, we propose a probabilistic model that
enables recursive learning and prediction of future observations in a partially observed
dynamical system. Specifically, we assume that the unknown system can be approximated
by a multivariate autoregressive model with exogenous inputs of order N, denoted as
MARX(N). Let y; € RDPy denote the Dy-dimensional observation at time step k. We collect
the past N, outputs into the matrix

Ye-11 Yk—21 - Yk-Ny1
_ S . .
Yik—1 = : e e : ’

Yk-1,0, Yk-2,0, --- Yk-N,D,

and, similarly, the most recent N,, control inputs into

Uk,1 Ug—11 -+  Uk—N,+11
o .y . .
Ugp, Uk-1,D, --- Uk—N,+1,D,

We then reshape both matrices #j;_; and i into a single vector x; € RPx, where
Dy = NyDy + N, Dy:

X =

N [Vec(y_k—ﬁ] ’ 1)

vec(iiy)

and vec(-) denotes the column-wise vectorization operator that stacks the columns of a ma-
trix into a single column vector [26]. At the core of our MARX(N) model is a vector autore-



Entropy 2025, 27, 679

40f33

gressive process with exogenous inputs, characterized by the following likelihood function:

Py | O, xp) = N (yx | ATx, W)

= (2|7I;\;|Dy exp (— %(}/k — ATx)TW (v — ATxy)) 2)

where the parameters—jointly denoted as ® = (A, W)—consist of a regression coefficient
matrix A € RPx*Dy and a noise precision matrix W € Rfy P with R denoting the space
of positive semi-definite matrices. Each column A, ; specifies how the full memory vector
Xi (comprising past outputs and inputs) linearly predicts the jth component of the current
observation yy ;. In state-space terminology, A captures both the temporal memory and
cross-variable coupling by weighting each lagged signal in xj. The matrix W represents the
inverse covariance (precision) of the Gaussian measurement noise: its diagonal entries set
the inverse variances for each observed dimension while off-diagonals model instantaneous
noise correlations between different components of yy.

For computational convenience (see Section 4.1), we specify our prior distribution
over O as a matrix normal Wishart distribution [27]:

p(©) = p(A|W)p(W) = MN (A | My, Ay, W HW(W | Qg ). (3)

Here, the coefficient matrix A follows a matrix normal distribution with mean

My € RP<*DPy row covariance Agl € RPx*Px  and column covariance W~ € RPy*Dy,
P(AIW) = MN(A | Mo, Ag', W) (4)
(WP A P

= Wexp (- %tr[W(A — Mp)TAg(A — Mp)]),

where tr(-) denotes the trace of a square matrix, i.e., the sum of its diagonal entries [26].
The precision matrix W follows a Wishart distribution with a scale matrix Q3 1 ¢ RPyxDy
and degrees of freedom vy € R

_ Qv o/ [W]re Pt 1
p(W) = W(W|Q, 1,1/0) = \/LVOT,—Ly\/i exp ( - Etr[WQo]) .

FDy (1/0 /2)

Here, I'p, () is the multivariate Gamma function with dimension Dy, [28]. Our goal
is to infer the posterior distribution over A and W and subsequently use these parameter
posterior distributions to make predictions for future outputs y;.

The chosen prior and likelihood define the following generative model over the joint
distribution of observations, inputs, and parameters:

k

p(ylzkrulzk/ = P HP Yi | O, x;)
i=1

We consider two inference paradigms for parameter estimation [29]. In batch estimation,
the full dataset is used to compute the posterior:

k

P(O | yrp urx) < p(©) [ [ plyi | ©,x7).
=1
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Alternatively, in recursive estimation, the posterior is updated incrementally as new
data arrives:

PO | 1, urk) % p(O | Yrk—1, u1k—1)P Yk | ©, Y1k—1, U1:k) -

In this paper, we focus on the recursive formulation, which enables efficient online
model updates and is well suited for real-time applications and systems where storing and
reprocessing the entire history is infeasible.

Factor Graph

The probabilistic graphical model underlying the recursive formulation is straight-
forward, consisting of a prior distribution and a likelihood function. Figure 1 presents a
Forney-style factor graph in which nodes represent factors, edges denote variables, and
each edge connects exactly two nodes [15]. In the graph, time flows from left to right,
predictions flow from top to bottom, and corrections flow from bottom to top. The factor
node labeled MNW represents the matrix normal Wishart prediction distribution along
with its associated prior parameters. The dashed box represents the composite likelihood
node, which comprises (i) the concatenation operation described in (1), (ii) the dot-product
operation between the regression coefficient matrix A and the memory xy, and (iii) the
stochastic disturbance. The equality node connects the parameters © to the likelihood
nodes for each time step k.

My
o O,
Ao =

QI—M/\/W—--- = MNW = -
0
vy % U1 T L
| . MARX |
Vk-1 Yk x@i
Yk Y+

Figure 1. Forney-style factor graph of the MARX model in recursive form. A matrix normal Wishart
node sends a prior message (1) to an equality node. A likelihood-based message (2) passes upwards
from the MARX likelihood node (dashed box), attached to the observed variables vy, 71, and .
Combining the prior-based and likelihood-based messages at the equality node yields the posterior
(message 3). Message 4 is the posterior predictive distribution for the system output.

4. Inference

Inference consists of two stages: (i) parameter estimation, where we infer model
parameters from observed outputs y; (Section 4.1), and (ii) output prediction, where we
forecast future outputs y; for t > k, given future system inputs 11 (Section 4.2).

4.1. Parameter Estimation

We wish to recursively estimate the posterior distribution over the model parameters:

F(]/k|®/xk)
Q| D) = ———p e|D ,
F( | k) p(yk | ”ker 1) ( | k 1)
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where Dy = {y;, ”i}?:l denotes the data up to time k. Note that the memory vector xy is a
subset of Dj_;. The evidence term in the denominator is

Pk | uk, Dy—1) = /P(yk|®/xk)P(®|Dk71)d®- (5)
This evidence term will be discussed in detail in Section 5.

Lemma 1. Combining the MARX likelihood (2) with a matrix normal Wishart prior distri-
bution over MARX coefficient matrix A and precision matrix W (3) yields a matrix normal
Wishart distribution:

p(@ | Dk) = MNW(A,W ’ Mk/Alzll Q];l, Vi),
with the following parameter updates:

Vg =1 +1
Ap = Npoq + xix]
My = (Ag—q + xx]) T (A1 My + x5y
O = Q1 +yryg + M A1 My
— (Mg My 2y T (Ao +xx]) ™ H (A1 M1 +xy]) -

See Appendix A for the proof. This solution can be cast as a message-passing procedure
on a factor graph, allowing distributed computation [15,30].

In Figure 1, circled messages indicate the information flow between the factor nodes
along the edges. Message (1) represents the previous posterior belief over ® = (A, W):

ﬁ
@ = p(@| Dy_1) = MNW(AW | M_1, A, Qv - (6)

The sum—product message from the composite MARX likelihood towards its parameters
is the likelihood function itself, re-expressible as a probability distribution over ®.

Lemma 2. The message from the composite MARX likelihood (2) towards its parameters is matrix
normal Wishart distributed as follows:

1@ =pyr| O, xp) <« MNW(AW | M, A, O, ) ?)
Its parameters are

vy =2—Dx+ Dy, /_\k:xkxlz,

_ . _
My = (x)) " xxyl, Q= 0p,xp, -

See Appendix B for the proof. Note that the scale matrix is not positive-definite, which
implies that message (2) is an improper distribution. Utilizing improper distributions is
not uncommon when messages are intermediate results. For example, in variational and
particle-based message passing, the messages are unnormalized and therefore also techni-
cally improper distributions [31,32]. However, should one want to visualize message @ or
convert it to a related distribution, for instance, then the scale matrix can be perturbed with
a machine precision offset (i.e., O = 1078 - Ip,xD,)-

Message (3) results from multiplying messages (1) and (2) at the equality node [15].
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Lemma 3. Let p; and py be two matrix normal Wishart distributions over the same random
variables ©:

p1(@) = MNW(A,W | My, A7 O 1)
p2(@) = MNW(A,W | M, A1, Q50 10).

Their product is proportional to another matrix normal Wishart distribution:
p1(®)p2(@) x MNW(A, 4% | M3,A51,051,V3),
and its parameters are combinations of p1, pa’s parameters,

v3=11+1p+Dyx—Dy—1,
A=A+ Ay,
Mz = (A1 + A2) (A M1 + A M),
Oz = O + O + M] AT My + MIA M,
— (A1My + Ao Mp)T(Aq + Ag) "1 (A1 My + Ao My).

See Appendix C for the proof.

Theorem 1. The outgoing message from the equality node is proportional to the exact recursive
posterior distribution:

- =
@ =0 @t MNW(AW | My, A, O v).

Proof. Combining parameters from the messages in (6) and (7) according to the product
operation in Lemma 3 yields

Vg =V 1+ % +Dx—Dy—1=y_1+1,
Ap = Neoq + A = Ay + 3],
My = (Ag—1 + M) T (Ag1 Moy + AeMy) = (Ag—1 + x0)) ™ (Aem1 Mgy + k97
O = Y + O + M A1 My + MTAM
— (A1 Moy + AM)T(Ag—q + Ap) ™ (A1 My + AcMy)
=1+ M]_ A1 Mg+ yiy]
— (A1 M1 + D) T (Mg + x56x]) " H(Ap1 My + xiy]).

These match the parameter update rules outlined in Lemma 1. [J

4.2. Output Prediction

Predicting future system outputs amounts to computing the posterior predictive
distribution, i.e., the marginal distribution of y; for ¢ > k:

L@ =p(y [us Do) = [ ply:1©,x)p(@ | Dy) dO. ®

We exploit the factorization of the parameter posterior over (A, W) to split this into a
marginalization over A:

Pl |W,u, D) = [ plye|©,3)p(A| W, D) dA,
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and a marginalization over W:

pelut, Do) = [ plys | W,ue, Dp(W | D) dW

Theorem 2. Marginalizing the composite MARX likelihood (2) over the matrix normal distribu-
tion (4) for A yields a multivariate normal distribution:

/N(yt | AT, WHMN (A | M AL WY dA = N (g | Mxe, (A W) 7Y,

where Ay & (14 x] A 'xy) 7L
See Appendix D for the proof.

Theorem 3. Marginalizing a multivariate normal distribution over a Wishart distribution on its
precision parameter yields a multivariate location-scale Student’s t-distribution [27]:

/N(J/t | M xt, (AW) YWW | ve) AW = T (ye | e, ¥ i), ©)
where Ut 4 M’Ixt, 1t 4L Vi — Dy =+ 1, and ‘Ft 2 TﬁQk_l)\t.

See Appendix E for the proof. The resulting posterior predictive distribution provides
a recursive estimate of output uncertainty, which is valuable for decision-making and
adaptive control.

5. Model Evaluation

A key criterion for probabilistic model evaluation is the negative log-model evidence
(or surprisal) — log p(yx), which quantifies how surprising the observed data y; is under
the model [33,34]. To gain deeper insights into model performance, we analyze surprisal
from the perspective of variational inference on factor graphs. This approach enables us to
decompose the overall model score into contributions from the individual nodes and edges
of the graph.

Variational inference casts Bayesian inference as an optimization problem by approxi-
mating the true posterior p(® | Dy) with a computationally tractable variational posterior
7(® | Dy), chosen from a variational family Q [33,35]. At time k, the optimal variational
posterior is obtained by minimizing variational free energy (VFE) [36,37]:

7'(© | Dy) = argmin Fyre|4(©] D), p(y,©) |,

where the VFE functional Fy g is defined as

Fvre|9(© | Dy), p(yi, ©) | = Dicclg(@] Dy) || p(© | Dy)] —log ply |, Dy1) -

Inference Cost Model Evidence

In exact inference, where the true posterior is computed via Bayes’ rule, the infer-
ence cost becomes zero, and the VFE equals the exact surprisal. When exact inference is
intractable, VFE is expressed in a different way. By absorbing the evidence term into the
Kullback-Leibler (KL)-divergence, the product of the posterior and the evidence becomes
the joint distribution of the generative model, which can be decomposed into a likelihood
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times prior distribution. This yields the decomposition of free energy into complexity and
accuracy terms [37]:

DiL[9(® [ Dy)||p(® | Di)] — log p(yx | tx, Dr-1)

(@] Dy)
—E log 1\ Zk)
w0120 108 P(yk1®|pk)]

= Dkr[q(© | Dy) || p(© | Di—1)] + H[9(® | Dy), p(yk | ©, xi)], (10)

Complexity Accuracy

where complexity measures how much the variational posterior deviates from the prior,
penalizing unnecessary deviations from prior knowledge and controlling overfitting. Accu-
racy quantifies the model’s ability to explain the observed data, expressed as the expected
negative log-likelihood under the variational posterior. To refine this decomposition further,
we introduce an auxiliary entropy term H(® | Dy) and rewrite (10) as

Fure|9(© | D), plyi, ©)]
=DiL[9(®|Dx) ||p(®| D)+ H[q(O|Dy), p(yk|©, x1))| — H[q(O| D) [+ H[g(®| Dy)]
=Dkr[q(® | D) || p(@ | Dx_1)] + Dkr[q(® | Dy) || p(yx | ©,x))] + H[g(® | Dy)] . (11)

For models formulated as Forney-style factor graphs, inference is performed by optimizing
the Bethe Free Energy (BFE), a generalization of VFE, which accounts for the graph’s
structure [13,21,38]:

Ferelq(© 1 Dy), p(yk, ©)] = Y Drelqallpa] + Y Hlai], (12)

acy ie€

where V is the set of factor nodes and £ is the set of edges. In this formulation, each g, is
the local variational belief at node 4, p, is the corresponding exact local distribution, and
each edge i contributes an entropy term H|[g;]. In our recursive MARX model—comprising
a MARX likelihood node, a prior node, and an edge for the joint parameters ®—the BFE
decomposition in (12) coincides with the VFE decomposition in (11). Thus, factor graphs
enable a fine-grained attribution of surprisal to specific components of the system.

5.1. MARX Model Evidence and Surprisal

To evaluate the model properly, we must compute the model evidence (marginal
likelihood), which is the probability of an observed sample marginalized over parameters,
weighted by their prior probabilities. Equation (5) already detailed the evidence term, but
this still involved an integral. This integral is identical to the integral for the posterior
predictive distribution (8), except that yx and uy are observed and the prior parameters are
those from time step k — 1. Concretely,

Pl D 1) = [ Py ] ©,2)p(©@ | Dic1)d® = T (yic | my, ¥ )

¥ Ip, ((17x + Dy)/2) 1 oo
- (77|k7Tk)|Dy I'p (y(iyk +D, . 1/2) (1+ %(yk — ) T (g — my)) P2
Yy

where m; = M,lek, e = Vee1 — Dy +1, % = ﬁkﬂk_jl)\k, and A, = (14 x,IAk:llxk)_l.
Here 7 (- | 4,271, v) denotes the multivariate Student’s t-distribution with location y, scale

-1, and degrees of freedom v. Unlike the posterior predictive distribution, the model
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evidence is a scalar: higher values indicate that the model better explains the observed data.

Hence, the surprisal for our model is

1 D
—log p(yi | tx, Dy—1) = —5 log [¥¢] + = log(71)

1k + Dy M+ Dy —1
—logI'p, (=—F—) +logI'p,( 3 )
r+D 1
+ B2 10g (14 (g — m) iy —m) ). (13)
Mk

5.2. MARX Variational Free Energy
Lemma 4. Let q and p be two matrix normal Wishart distributions over the same random variables

O, representing the posterior and prior, respectively:

9(® | Dy) = MNW(O | My, A, O vg)
p(®|Dq) = MNW(O| M1, A, 4 ven)

The differential cross-entropy H[q(® | D), p(® | Dx_1)] of the posterior relative to the prior is

1 1
H[q(® | Dy), p(© | Dy-1)] = —5Dylog [Aga| + 7 (vk—1 + Dx — Dy — 1) log | (|

1 1 1
— 5 V-1 log | Q1| + E(Dy +1)Dylog2 + EDny log
Vk— 1 v
+ logrpy(ikz l) - E(kal + Dy — Dy — 1)170Dy(?k)

+ %thr(Qk_l(Mk = My_1) T A1 (M — Mk—1))
+ %Dytr(A,;lA,I_l) + vgtr (O Q1) -
See Appendix F for the proof.
Lemma 5. Consider the matrix normal Wishart posterior:
9(®| D) = MNW(AW | My, A, O )
Its (differential) entropy is

1 1
H[g(®] Dy)] = — 5Dy log | Ayl + 5 (D — Dy — 1) log| |

1 1 1
+ E(Dy +1)Dylog2 + EDny log T + E(Dx +vx) Dy

v 1 v
+10gFDy(Ek)_E(Vk‘f'Dx_Dy_l)lPDy(?k)- (14)

See Appendix G for the proof.

Lemma 6. Let q and p be two matrix normal Wishart distributions over the same random variables
O, representing the posterior and prior, respectively:
9(@| D) = MNW(O | My, AL, O )
PO Dy1) = MANW(O | M1, A, Ol v ).
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The KL-divergence Dk [q(® | Dy) || p(© | Dx_1)] of the posterior from the prior (complexity) is

1 Al 1 % 1

DKL[q(® | Dk) || P(® | Dk—l)] = EDylog |Ak71| + Evk—l log |Qk71| - i(Dx +Vk)Dy
v Vy_ 1 v
~logI'p, (%) +10gTp, (=5+) + 5 (v = vi-1)¥p, ()

1 -
+ §th”(Qk (Mg — My_1)T A1 (M — Mk—l))
1 _ _
+ 5 Dytr(Ag AT ) 4 vitr(Q 10 q)
See Appendix H for the proof.

Lemma 7. Consider a matrix normal Wishart distribution q and a multivariate normal distribution
p, representing the posterior and MARX likelihood:

q(© | Dy) = MNW(A,W | M, ALY, O, )
p(ye | ©,x¢) = Ny | ATxp, W1

The differential cross-entropy H[q(® | Dy), p(yx | ©, xx)] of the posterior relative to the likelihood
(accuracy) is

1 v 1 1
H[g(® | Dx), p(yk | ©,x¢)] = _Elpr(?k) + 5 log || + 5 Dylog 7
1 _ 1 3
+ Vi — M{x)TOE! (i — Mxi) + S A Dy
See Appendix I for the proof.

6. Experiments

We conducted three experiments: one verification experiment and two validation
experiments (Code: https://github.com /biaslab/MDPI2025-MARX, accessed on 8 March
2025). In the verification experiment (Section 6.2), we tested whether the MARX estimator
could identify a dynamical system with known parameters. In the validation experiments
(Section 6.3), we assess the estimator’s performance on two complex dynamical systems
with unknown parameters: a linear double mass-spring-damper system and a nonlinear
double pendulum. In all the experiments, we compare the performance of the MARX
estimator to a baseline approach.

6.1. Baseline Estimator

We compare against a recursive least squares (RLS) estimator [3]. Let A bea point
estimate of the coefficient matrix based on the previous k data points, and let Py = Ip, be
an initial inverse sample covariance matrix. These matrices are updated at each time step
according to

P = Py — Peo1xe(1 4 x[ Pe_yx) '] Py
Ap = A1+ Peoaxe(L+ x] Peqxe) 7y — AL x0T

Note that this formulation corresponds to a forgetting factor of 1.0, meaning that older data
points are not down-weighted. The system outputs are predicted with y; = A,I Xt.
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6.2. Verification

We perform a verification experiment on a MARX system with state z; = xj (1), mem-
ory sizes Ny = 2, N, = 3, and dimensions D, = D, = 2. The system has true parameters
© = (A, W). It evolves according to g(f(x;)) = ATx;, where A is the known coefficient
matrix (see Figure 2). For each output dimension i, the lag-dependent coefficients were
generated using a Butterworth low-pass filter (cutoff frequency 20 Hz) applied to that
same dimension, while cross-dimensional coefficients were sampled from N(0,0.12) [39].
We chose the Butterworth filter because its maximally flat response in the passband en-
sures that signals below the cutoff frequency are transmitted with little distortion while
attenuating higher-frequency components [40]. This makes it suitable for generating stable
linear dynamics and mimicking the low-pass behavior often observed in physical dy-
namical systems—such as mechanical or electrical processes [41,42]—and is common in
applications like audio and biomedical signal processing [41,43]. The disturbance follows

< . - R 300 100
ex ~ N(0, W~1) with precision matrix W = :
100 200
0.50

-0.25

.2 | ] —-0.50

. : - T i X )‘( -0.75

Yek-1,1 Yk-2,1 Uk,1 Uk-1,1 Uk-2,1 Yk-1,2 Yk-2,2 Uk,2 Uk-1,2 Uk-2,2

Figure 2. Heatmap of true system parameter AT. “X” denotes coefficients generated from a Butter-
worth filter.

We evaluated each estimator for training sizes Tyain € {2/ | I € {2,3,4,5,6}}, using
Monte Carlo experiments with Nj;c = 100 runs. To learn the parameters, each estimator
uses Tiain state transitions, starting from state zg = Op,. After training, each estimator is
tested for Tiest = 100 time steps, again starting from zg but with different control signals.
For the MARX estimator, we compare two priors (see Table 1): uninformative (MARX-UI)
and weakly informative (MARX-WI). The uninformative prior uses small precision values
for Ag and )y, corresponding to large prior variancesthat reflect minimal prior belief about
the parameters. The weakly informative prior assigns higher precision (lower variance),
introducing a mild preference for more stable parameter values while still letting the data
dominate. In both cases, the degrees of freedom v are kept minimal at Dy + 3, just above
the threshold for the Wishart distribution to be well defined, further reinforcing the limited
informativeness of the prior. The weakly informative prior also encodes approximate prior
knowledge about the observation noise. Specifically, the Wishart component p(W) has a
500 O

0 500
In contrast, the uninformative prior sets ()g to much larger, placing its mode far from the

mode at 1oy 1= , which is of similar magnitude to the true noise precision W.

true noise characteristics. Thus, the weakly informative prior softly incorporates domain
knowledge about expected noise levels, improving convergence and stability in the early
stages of recursive estimation. For each training size, we calculate the root mean squared
error (RMSE),

Ttest

Y (0 —wi)?,

RMSE =
Ttest k=1

between the predicted output i, i.e., the mean of the posterior predictive p(yx | tx, Dx_1),
and the true output y for all k € Tiest evaluation steps.
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Table 1. Sets of prior parameters used in the experiments.
M() A() Qo 10
Uninformative Op, D, 1x107*- Ip, 1x1072. Ip, Dy +3

Weakly informative Op, <D, 1x 1071 Ip, 1x1072. Ip, Dy +3

Figure 3 shows the simulation errors for MARX-UI, MARX-WI, and RLS as a function
of the training size. For small sample sizes, MARX-WI consistently outperforms RLS, while
MARX-UI performs slightly worse. All three estimators converge to the same performance
level as the training size increases.

0.55 MARX-WI
MARX-UI
0.50 | RLS
th o045 |
2 .40
0.35 |
030 |
10 20 30 40 50 60

Training size T

Figure 3. Simulation errors (average RMSE) of all three estimators for the MARX system, with ribbons
indicating standard errors.

Figure 4 focuses on a single Monte Carlo experiment with Tiain = 20, Tt plots
log(||A — Al|r), the log of the Frobenius norm between the true coefficient matrix A and
each estimate A. MARX-WI consistently yields better estimates of A than MARX-UI and
RLS. Although MARX-UI struggles during the first 25 time steps, it eventually produces a
more accurate estimate of A compared to RLS.

15 |
MARX-WI
“&O1.0 MARX-UI
f— RLS
T 05 |
——

0.0 —
j s \

_1‘0 |

0 10 20 30 40 50 60

time [s]

Figure 4. Log-scale Frobenius norm of the difference between true coefficient matrix A and estimates
A of each estimator in a single Monte Carlo run with Tyain = 2% for the MARX system, with ribbons
indicating standard errors.

Unlike RLS, the MARX estimator also estimates the noise precision matrix W. Figure 5
shows log(||W — W||g) for both MARX-WI and MARX-UL MARX-WI consistently achieves
more accurate estimates of W than MARX-UL

MARX-WI
MARX-UI

log(|| W —W][|)

0 10 20 30 40 50 60

time [s]
Figure 5. Log-scale Frobenius norm of the difference between true coefficient matrix W and estimates
W of each MARX estimator for the MARX system, with ribbons indicating standard errors.
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Figure 6 plots the negative log posterior probability of the true parameters © (lower is
better), showing that the posterior concentrates sharply on the true values. As a probabilistic
estimator, MARX also quantifies uncertainty in its estimates of A and W via the posterior
precision (or scale) parameters. Figure 7 illustrates the evolution of MARX-WTI's estimates
of W for a single run with Tiyain = 2%, The ribbon represents one standard deviation around
the mean. Initially, MARX-WI exhibits high uncertainty (large variance), which generally
decreases over time. Because W and W are symmetric, only the upper-triangular elements

are shown.

— MARX-WI
S 0 MARX-UI
'@ -250 t

I

@ -s00

20

S -750

0 10 20 30 40 50 60
time [s]

Figure 6. Negative log posterior probability of the true system parameters @ under each prior choice
for the MARX system (lower is better).

0 10 20 30 40 50 60

time [s]
Figure 7. Time series of the estimated noise precision matrix W for the MARX-WI for the MARX
system. Ribbons indicate one standard deviation, and horizontal lines denote the true values of W.

Figure 8 (top) shows a heatmap of the difference A — A. To save space, we plot only
a subset of the elements of A, marked by “X”. This subset includes the elements with the
largest estimation errors and two randomly selected elements. Figure 8 (bottom) shows
the evolution of these selected elements for the same Monte Carlo experiment run, with
ribbons indicating one standard deviation around each mean estimate.

Yr-1,1 Yk-2,1 Uk,1 Uk-1,1 Uk-2,1 Yk-1,2 Yk-2,2 Uk,2 Uk-1,2 Uk-2,2
. 05 | 1,1 az1 a6 az,6
gﬂ: e e —
o oa0 | B
=z
2 -05 ¢
-1.0 t
0 10 20 30 40 50 60

time [s]
Figure 8. Top: Heatmap of the final AT coefficient matrix parameter estimate by the MARX-WI
model. “X” marks selected elements, and the trajectories are shown below. Bottom: Time series of
the selected elements of A estimated by MARX-WI, with ribbons indicating one standard deviation.
Horizontal lines show the true values of the corresponding elements of A.
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Furthermore, we apply the model score decomposition from Section 5 to evaluate our
recursive MARX model. By tracking how surprisal and its constituent terms evolve, we
obtain fine-grained insights into the model’s learning dynamics and uncertainty reduction.
We can recall from (10) that surprisal decomposes into an accuracy term—given by the
cross-entropy of the variational posterior relative to the likelihood, reflecting data fit—and
a complexity term—given by the KL-divergence of the variational posterior from the prior,
quantifying deviation from prior beliefs. Figure 9 illustrates this decomposition. In the
early stages of model training, the complexity term (green) dominates overall surprisal
(dashed blue), indicating substantial updates from the prior as the model learns the system
parameters. As training progresses and the posterior stabilizes, the complexity term
diminishes, and the accuracy term (red) becomes the main source of uncertainty. Spikes
in overall surprisal during later stages align with spikes in the accuracy term, which we
interpret as indicators of measurement outliers that temporarily degrade model fit.

—— —— surprisal
accuracy
complexity

0 10 20 30 40 50 60
time [s]
Figure 9. MARX-WI surprisal (dashed blue line) and its decomposition into accuracy (red line) and
complexity (green line) over time for the MARX system.

Figure 10 complements this analysis by plotting the entropy of the variational posterior
q(© | Dg) over time. This highlights how quickly the inference procedure narrows the
parameter space, providing insight into convergence speed and residual uncertainty in the
model parameters.

10 |

—-10 |

Hlg(®] D)

-20 |

0 10 20 30 40 50 60
time [s]

Figure 10. Entropy of the MARX-WI variational posterior 4(® | Dy) over time for the MARX system.

We also demonstrate model evaluation using model evidence. Figure 11 shows the
evolution of surprisal (lower is better) over time for MARX-WI and MARX-UL This plot
highlights that the prior choice matters only initially; with sufficient data, MARX-WI and
MARX-UI converge to the same performance.

MARX-WI
— 10 MARX-UI
S
— 87
=
s 6
[=1H]
2
4T
0 10 20 30 40 50 60

time [s]

Figure 11. Surprisal over time for MARX-WI versus MARX-UI for the MARX system.
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6.3. Validation

To evaluate the proposed method, we perform validation experiments on two distinct
mechanical systems: a linear double mass-spring-damper system and a nonlinear double
pendulum system. These testbeds span a range of dynamical complexity and are stan-
dard benchmarks for modeling and control tasks. Despite their differences, both systems
share a common formulation as second-order dynamical systems expressed in first-order
ODE form:

Iz = F(zg, 2, ux) ,

where z; denotes generalized coordinates, zx and Z are the first and second time derivatives
of zy, uy are the control inputs, I is a (state-dependent) generalized inertia matrix, and F
encodes the system-specific generalized forces (including passive dynamics and external
control inputs). Time evolution is performed using a forward Euler integrator with a
system-specific time step At:

Zk+1 = 2k + Atzk and Zk+1 = Zk + Atfk .

For both validation systems, we choose a disturbance ¢, ~ N (0, W~1) with a precision
2000 1000
1000 2000
verification experiment: we perform Monte Carlo experiments with Nj;c = 100 runs with
At = 0.05, in which each estimator has Ty.in € {2/ | I € {2,3,4,5,6}} state transitions
to learn the parameters (starting from state zg = Op,), and we test each estimator with

matrix W = [ 1 . The validation experiments follow the same procedure as the

Tiest = 100 transitions. However, we increase the memory sizes of the MARX model to
N, =N, =5.

In the following, we describe each validation system individually, and then present
the combined validation results.

6.3.1. Linear System: Double Mass-Spring-Damper

The linear system consists of two masses: m; = 1.0kg, connected to a fixed base by a
spring and damper with stiffness k; = 0.99 and damping ¢; = 0.4, and my = 2.0kg, con-
nected to mj via a second spring and damper with k; = 0.8 and c; = 0.4. The generalized
coordinates z; € R? represent the displacements of each mass from the equilibrium, and
the generalized inertia matrix is a constant: [ = diag(m,m;), where diag(-) denotes a
diagonal matrix with the given entries [26]. The generalized force function F combines the
internal spring and damping forces with external inputs:

F(zk, Zx, ux) = Kz + Czp + uy,

with the stiffness and damping matrices:

K=

—(k1+k2) ko C— —(c1+c2) o
ko —k | c2 -

6.3.2. Nonlinear System: Double Pendulum

The nonlinear system is a planar double pendulum (also called an acrobot) with
two links of lengths /; = 1.0m and I = 1.0m and masses m; = 1.0kg and m; = 1.0kg,
respectively. The generalized coordinates z; € R? represent the joint angles, and the
generalized inertia matrix is captured implicitly through a structured nonlinear force
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formulation. The dynamics are governed by gravity and nonlinear velocity coupling,
yielding

F(zy, Zg, ug) = diag(g(%ml + mz)ll, —%gmzlz) sin(zy) + ]sz'i + uy,

where g is gravitational acceleration, | £ %mzlllz, and V is the nonlinear velocity-coupling
matrix:

V =

0 — Sil‘l(Zk,l — Zk,2)
sin(zy,1 — zk2) 0 ‘

6.3.3. Results

As in the verification experiment, Figure 12 shows the simulation errors for MARX-UI,
MARX-WI, and RLS for both the double mass-spring-damper system Figure 12a) and the
double pendulum system (Figure 12b). Convergence to stable performance is slower in both
systems compared to the verification case. Nevertheless, both MARX variants outperform
RLS and converge to similar levels of predictive performance. This confirms that the MARX
model generalizes to more complex dynamical systems. As expected, the overall RMSE is
higher for the nonlinear double pendulum system. A peak of performance loss is present
for MARX-UI, which is more pronounced in the double mass-spring-damper system.

0.30 r MARX-WI
0.25 I\R/ILASRX-UI
G o020 |
=
x 015 |
0.10
0.05 |
10 20 30 40 50 60
Training size T
(a) Double mass-spring-damper system
MARX-WI
0.8 MARX-UI
RLS
w L
Yoo
=
< 04
0.2

10 20 30 40 50 60
Training size T

(b) Double pendulum system

Figure 12. Simulation errors (average RMSE) of all three estimators for each validation system, with
ribbons indicating standard errors.

Figure 13 shows log(||W — W||f) for both MARX-WI and MARX-UI for the validation
systems. Initially, MARX-WI achieves better accuracy and lower variability than MARX-UL
Unlike in the verification setting, MARX-UI improves significantly over time and ultimately
approaches similar estimation quality.
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(a) Double mass-spring-damper system

“r MARX-WI
MARX-UI

12 |
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tog (1| W — W1, )

0 10 20 30 40 50 60
time [s]

(b) Double pendulum system

Figure 13. Log-scale Frobenius norm of the error between the true coefficient matrix W and its esti-
mates W from each MARX estimator for each validation system. Ribbons represent standard errors.

Figure 14 illustrates estimates of W by MARX-WI for a single Monte Carlo experiment
(Tirain = 2°) for both systems. The model struggles with learning and initially shows
high uncertainty, followed by a sharp reduction as learning progresses. This reflects the
challenge of inferring observation noise structure in nonlinear systems from limited data.

2000 |-
~ 1500 |
S
— 1000 —
E
= 500
%E —_— - W11 |
= ot W — - — Vi

— iz
—500
0 10 20 30 40 50 60
time [s]
(a) Double mass-spring-damper system

2000 [ rm s s
— 1500
S
— 1000
=
2
= 500
e

0

0 10 20 30 40 50 60
time [s]

(b) Double pendulum system

Figure 14. Time series of W estimates from MARX-WI for each validation system, with ribbons
representing one standard deviation. Horizontal lines mark true parameter values.

Figure 15 displays the evolution of MARX-WT’s surprisal and its decomposition into
accuracy and complexity. The early learning phases show that surprisal reduction is
dominated by decreasing model complexity. This trend is more difficult to sustain in
the nonlinear system, where complexity remains elevated for longer. Later in training,
fluctuations in surprisal are primarily driven by changes in accuracy.
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(b) Double pendulum system

Figure 15. Surprisal (dashed blue) and its decomposition into accuracy (red) and complexity (green)
for MARX-WI over time for each validation system.

Finally, Figure 16 shows the entropy of the variational posterior q(® | Dy) for each
validation system. In both systems, MARX-WI rapidly reduces entropy, indicating fast con-
vergence to informative parameter regions despite the different complexities of the systems.

0
— -10 |
& 20t
o -3¢
= -40
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-60 | ‘ | . ‘ . .
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(a) Double mass-spring-damper system
0
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=
T 40
-50
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time [s]

(b) Double pendulum system

Figure 16. Entropy of the MARX-WI model parameters over time for each validation system.

7. Discussion

The modular nature of the factor graph methodology provides substantial practical
advantages. As demonstrated by Loeliger et al. [15], factor graphs facilitate the visual
construction of complex algorithms by incorporating, eliminating, or merging established
computational units. For example, the MARX model’s factor graph (Figure 1) could be
extended to support time-varying parameters by introducing state transition factor nodes
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between the equality nodes over the parameters [24]. In multi-agent robotics, where sensors
and actuators are spread across various platforms, each agent can update its local beliefs
through message passing and share only the most informative summaries [44]. This tar-
geted communication reduces bandwidth demands while enabling swift convergence to an
accurate global model. Recent research highlights the importance of transmitting informa-
tive variational beliefs in multi-agent environments [22,45], facilitating scalable cooperative
learning among heterogeneous agents. The resulting computational decentralization opens
promising opportunities for federated system identification and coordination in multi-robot
systems, especially when subject to privacy or bandwidth constraints [46—48].

7.1. Computational Efficiency

The dominant computational cost in our inference algorithm arises from the matrix
inversion of A (4), which scales as O(D?) in the worst case. We benchmarked the update
rule computations on a Julia-based implementation running on an Apple Macbook M1, av-
eraging over 1,000,000 runs. For a state dimension of D, = 10, updating the parameters for
a single time step took approximately 2 nanoseconds (excluding garbage collection). Fur-
ther computational savings are possible by adopting an information filter parameterization,
where 5 (A3) is stored instead of My (3) [49]. This approach defers the matrix inversion
until M;, is explicitly needed, offering an efficiency boost, particularly in high-dimensional
or resource-constrained scenarios.

7.2. Limitations

Despite its efficiency and modularity, our method has several limitations. First, it does
not support fully Bayesian k-step ahead predictions. Computing joint posterior predictives
over a longer horizon is intractable under the current formulation and is challenging
as it requires marginalization over a (deeply) nested set of autoregressive coefficients.
Second, the model is built on a linear multivariate autoregressive likelihood, which—while
computationally efficient—limits its expressiveness. In systems characterized by strong
nonlinearities, this assumption can lead to underfitting and reduced predictive performance.
Lastly, although we explored both uninformative and weakly informative priors, the model
remains sensitive to prior settings, particularly in data-scarce settings or during the early
stages of recursive estimation. In these scenarios, poor prior choices can significantly
degrade both convergence speed and final performance.

7.3. Future Work

Future work may explore extending the MARX framework to accommodate time-
varying parameters by inserting state-transition factors between the equality nodes—
analogous to prior work on univariate autoregressive models [24]. Another extension is to
utilize the posterior distributions over the parameters to formulate a mutual information-
based cost function for input signal design [10].

8. Conclusions

We presented a recursive Bayesian estimation procedure for multivariate autore-
gressive models with exogenous inputs. The method produces matrix-variate posterior
distributions over both the model coefficients and the noise precision, allowing uncertainty
to be explicitly propagated into future output predictions. We also demonstrated how these
uncertainty estimates enable the analysis of individual factor nodes and edges within the
model, making it possible to assess their contributions to the overall model score and to
identify potential outliers. The ability to track sources of uncertainty online and evaluate
their impact on output predictions is especially valuable for applications such as Bayesian
optimal experimental design or information-theoretic adaptive control.
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Abbreviations

The following abbreviations are used in this manuscript:

MARX multivariate autoregressive models with exogenous inputs
MARX-UI  MARX model with uninformative prior
MARX-WI  MARX model with weakly informative prior

VFE variational free energy

BFE Bethe Free Energy

RLS recursive least squares

RMSE Root Mean Square Error

ODE Ordinary Differential Equation
KL Kullback-Leibler

Appendix A. Parameter Estimation

Proof. The functional form of the likelihood is

ploc|©,3) /W] exp (~3exlwL] ),

where Ly £ (yx — ATx;) (yx — ATx;)T. The prior is

~ 1
PO D) oo/ W+ Dexp (-~ Jer W (Hi + 04)] )

where Hy 1 2 (A — My_1)TAr_1(A — Mi_1) and D £ D, — D, — 1. The posterior is
proportional to the likelihood times the prior:

p(©| D) < p(yx | ©,xr) p(© | Di_1)

x4/ |W|Vk*1+1+D exp<—;tr [W(Lk + Hp 1+ le)]> . (A1)

We expand the first terms in the exponent and group them as follows:

Ly + Hi1 = yky] — yixf A — ATxpy] 4+ ATxx] A
+ATAG A — ATA My — ML Ag 1A+ M Ag 1My
= AT(Agq + xpx) A — AT(xy + Ag1 My q) (A2)
— (M]_ A1+ D) A+ yryf + M A My
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Let Ay £ Ap_q + xkx,I, o xky,I + Aj_1Mj_1 and M = A;lEk. Adding and subtracting
EJA; "By to (A2) yields

L+ Hy1 = ATALA — ATE, — EJA+ EJA[ 1B
— LA B+ iyl + M A1 Mg
= (A= ATE)TAKA = ATEy)

— MIAKMy + vyl + M A1 My (A3)

Plugging the above into (A1), we recognize the functional form of the matrix normal
Wishart distribution:

VIWID exp (= e [W((A ~ MOTALA — My) +03)])

X MNW(A, w | Mk,A Qk ,Vk)

which parameters are

Ve =Vk-1+1,
Ak = Ak_1 + xkx]I ’

My = (Mgt + x6x]) (A1 Mi_1 + xyf) , and

O = Q1 + yryp + Mi_ A1 Mgy — M AcMy
This concludes the proof. O

Appendix B. Backwards Message from Likelihood
Proof. The MARX likelihood function is

P3| ©, %) o/ [W]exp (— Str[WL]),

(A4)
where the completed square is

Le £ (v — ATx) (v — ATx) T = yiyf — ATyl — yix] A+ ATxx[ A
Let Ay £ xxf, B £ xpy] and My = A, 'E;. Then adding and subtracting 2] Ay Z; allows
us to rewrite the square in terms of A:

L+ E] A B — EIA B = yyf + (A — M) TA(A — My) — EJ A5y

The two remaining terms cancel:

ykyp — ELAL B = yiy] — viex] (ix]) ey
= Yy — Yely{
=0p,xD, -

If we define 7 £1— D for D = Dy 4+ D, +1and ( = Op,x D, then we may recognize
the functional form of a matrix normal Wishart in (A4)

p(yk|®/xk) X \/Wexp(_ 1’[1‘

SrW((A = M) TA(A = My) + Q)] )
X MNW(A,W ‘ Mk,A Qk ,Vk)

This concludes the proof. [
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Appendix C. Product of Matrix Normal Wishart Distributions

Proof. Let p1, pp be two matrix normal Wishart distributions over the same random vari-
ables ©:

MNW(AW | My, A7, Q7Y )
p2(@) = MNW(A,W | My, A1, Q5% 10).

=
S
=
©)
=
|

Their product is proportional to

P1(©)p2(©) o /|Wn+D exp (— %tr WL1))\/[W [+ D exp (- %tr[WLz])
=/|W|»tDexp (— %tr [(W(Ly + Lp)])

forD £ Dy—Dy—1v3=v4+1,+Dy—Dy—1and L; = (A — M;)TA;(A— M;) + Q.
The sum of L; is

L1+ Ly = AT(A1+ Ap) A — AT(A My + AoMy) — (M] A1 + MIA2) A (A5)
+ MIAlMl + M;AzMz + 014+ Qy.

Let A3 = A; + Ay and ©3 £ Ay M + Ay M. Then,
(A= A7'03)TA3(A — A;'03) = ATAZ;A— ATO; — O] A+ O] A '0;.

Using M3 = Ay 1@, (A5) can be written as

p1(®)pa (@) o< \/|[W[VsFD exp ( — %tr[W((A — M3)TA3(A — M3) (A6)

— @;A51®3 + MIAlMl + M;AzMz + O + Qz)]) .
Note that @ A;'@3 = O] A1 A3A; 105 = MIA3M;. Let
Q3 £ O+ 0 + MIAlMl + M-ZrAzMz — M§A3M3 .
Then (A6) may be recognized as an unnormalized matrix normal Wishart:
- 1
\/ |[W|tPexp (— Str [(W((A—M3)TA3(A — Ms) +Q3)])
x MNW(AW | Mz, A1, Q5% v3) . (A7)

As such, the product of two matrix normal Wishart distributions is proportional to another
matrix normal Wishart distribution. [J
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Appendix D. Marginalization over A
Proof. The marginalization over A is
P | W, D) = [ plyr |©,x)p(A| W, D)dA
— [N (e | AT, W) MN (A My, A, W) dA
=/ (@m) DD W D41y O
1
[exp (= 5te[W(Li+ Hy)J) dA. (A8)

where the terms inside the trace are

Li = (yi — ATx) (yr — ATxy)T
Hy £ (A= Mp)TAR(A — My) .

Expanding L; and Hj and adding them yields

L+ Hy = yey] — ATxy] —yix] A4+ ATxix] A
+ ATAkA — ATAkMk — M]IAkA + M]IAkMk
= Yyl + MIAM; + AT (A + xix]) A
- AT(AkMk + xt]/;r) — (AkMk + xtytT)TA .

Let Ay 2 A + xix], @ 2 AgMy + xy] and My 2 A;1@;. Completing the square gives
L+ H, = (A — Mt)TAt(A — Mt) — M;I—AtMt + ]/ty;r + M;AkMk .
Plugging this result into the integral in (A8) gives
1 1
/exp ( — Etr [W(Lt + Hk)]) dA = exp ( — Etr[w(yt]/;r + M;AkMk — M;AtMt)])
1
/exp (= St [W(A — M)TAL(A - My)])dA.

We can recognize the integrand as the functional form of a matrix normal distribution.
Thus, the integral evaluates to its inverse normalization factor:

(ZH)DVD"

Joxo(~ WA myraa-m] ) as =[BT

Using this result, the marginalization over A is

/P(]/t | ©,xt)p(A| W, Dy) dA

[ |W / _ 1
= (2|7-[)|Dy ‘Ak|Dy |At‘ Dy exp ( — Etl‘ [W(yt]/;r + M;AkMk — MIA,}M,{)]) .

Note that, under the matrix determinant lemma,

Al = [Ap+ x| = [A (1 + ] A ),
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which implies that the product of determinants is
AP |A] P = (14 27 A ) 7Y

Let Ay & (1+ xtTAlzlxt)’l. As W is Dy-dimensional, |W|/\tDy = |WA¢|. Furthermore,
note that

M]AeM; = M] Ag(xex] + Ag) T AeMi + yex] (xex] + Ag) 7 A M
+ MEA (] + M) " xey] + yex] (o] + Ag) Tyl

Combining this with the other terms in the trace gives

]/t]/;l- =+ M;AkMk — M;AtMt
= M}IAk(I — (xtxtT + Ak)_lAk)Mk — ytxtT(xtxtT + Ak)_lAkMk
— MIAg(xex] + Ak)flxtytT + (1 — x] (xex] + Ak)flxt)ytT .

Using the Sherman-Morrison formula, we have

1 TA-1
1 A A

1— ] (xex] +Ap) ) = (1—xf (AL x
( t(ft k) t) ( t( k 1+xtTA,:1xt)t)
= (L4 xA x0)
= At.
Another application of Sherman-Morrison yields
-~ A_lxthA_l
I— (xex] + M) A= (A= (AT — ) Ay

1+ xtTAk_lxt
= MA AT

A third Sherman-Morrison gives

-1 TA—1
Ak XX, Ak

Ag(xex] + Ag) = A (A — LAy, )xt
4k
xTA  xy
= IXt — Xt%
1+ x/ Ak Xt
= xt)tt.

Using these three simplifications, we have

tr [ W (yiy] + MIAM; — MIAM) |
= y;rW/\tyt — y;rW/\tM]IXt — xIMkW/\tyt + x;erW)\tM]Ixt
= (]/t — M]Ixt)TW)\t (]/t — M]Ixt). (A9)
Plugging (A9) into (AS8) yields
|WA|
(27)Pr
= N(yt | M]Ixt, (W/\t)71> .

A
p(ye |W,ut, D) = exp (— ?t(yt — Mx))TW(yr — M{xt))
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This concludes the proof. [

Appendix E. Marginalization over W

Proof. The marginalization over W is
[N (| M, (WA) ) WOV O, ) AW

WA . i
(ZTF)DV kat) W(yt kat))
1 ot
— —tr|[IWQ) | ) AW
P g - g
_ 1 | O |V A, Dy /\/W
FDy(%) (27r)Py2viDy
1
exp (— Etr[W(Qk + M (ye — M xp) (v — Mx)T)] ) dW
_ 1 |Qk|va11.‘jy T (Uk + 1) z(l/k-i-l)Dy (AlO)
Tp,($) \ (2m)Pr2ls 2172

\/|Qk + My — M,IXt)(]/t - M,Ixt)T|7(Vk+1) ,

where we made use of the normalization factor of a Wishart distribution. Note that

2(Vk+1)Dy sz 1
DyovDy D,. D, \ D (A11)
(27r) "~y 2%y 2By 7By Py

Let #; £ v — Dy + 1. Then,

+1 m+D

l"Dy(sz ) _ I'p,( ) (A12)
> —.

Io, () rp, (15

The determinants simplify as follows:

\/|Qk|”k|0k + Ae(ye — MIxe) (yr — M) [~ (D) (A13)

= /(e — M) (g — MIx) T+ 1= (D[
and then, using the matrix determinant lemma, we have

Ae(ye — M) (ye — MIxg) Tt + 17 (D) (A14)
= ((ye — MIx)TO Ay — M) +1) P2
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With Equations (A11)—-(A14), we may write (A10) as

/N(yt | Mixi, (WA) Y W(W | O, 1) dW

_ n+D,
oY To, (15 \Ds
- D. +D,—1 t

Ty rDy(’it 21/ )

1+ (v - M]Ixt)Tﬂl?l/\t(yt — M}Ixt))*(WﬁD}/)/z

m: Q' Al T, ((7: + Dy)/2)
(nerr)Pv Tp, ((1: + Dy —1)/2)

1 _
(1+ ; (yi — M]Ixt>T77tQ]:l/\t(yt _M]Ixt)) (e+Dy) /2

=Ty | ue ¥y '),
where Ut = M Xt, Tt = 77,30 )\t O

Appendix F. Cross-Entropy of a Matrix Normal Wishart Relative to a
Matrix Normal Wishart

Proof. The functional form of a matrix normal Wishart with general parameters M, A, (),
and v is

= MNW(A,W|M,AL,Q71 )

|A|Dy|Q| |‘,\/|1/+DA Dy—1
v+Dx Dy anDj FDy(%)

exp (— tr[W((A-M)TA(A-M)+0)])

Consider two matrix normal Wishart distributions over the same parameters ©:

9(®) = MNW(A,W | My, A7, Q1 v,)
MNW(AW [ My, A, 050 vp) .

=

—~
©)

~—
I

The differential cross-entropy H[g, p| of g relative to p is
Hlg,p) = Eq(@[ ~log p(@)}
1
5Dy log |Ay| - u,, log Q| — (up +Dy— Dy, — 1)Eq[log |W|} (A15)
1 1 v
+ E(Vp + Dy)Dylog2 + QDny log T+ longy(Ep)
1
+ SEq r[W((A = M)A (A= M) + )] |

The first expectation is the expectation of a Wishart log-determinant [28]:

Eq(@){10g|w|}:Eq(W){Eq(A\W)[IOg|W|}} lpr( 1)+ Dylog2 —log [y, (Al6)
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where ¢p, is the multivariate digamma function of dimension Dy. For the second expecta-
tion, we first define the following expectations:

Eqyaim| A ] = My (A17)
Eyaim)| AT | = M] (A18)
Eq(A|W)[ATBA: = MJBM, + tr(A, 'BT)W ! (A19)
Eq(w)[w: = 1,071, (A20)

for appropriately dimensioned matrix B. Equation (A19) is a property of matrix normal
distributions [28]. We apply E/ tr(-) ] = tr(E,[ - ]) [27], and make use of the factorization of
a matrix normal Wishart:

q@[ (

(A= Mp)TAH(A = M) + ) ) |
tr(Eq { ((A=Mp)TAp(A—Mp) +Qy )D
( q(W)[ A|W[ ((A—MP)TAP(A—MP)JFQP)H)

=tr(E
= tr ()| WE (4w (A= Mp)TA, (A= M) | + WO, | ). (A21)

We expand the term in the inner expectation and plug in Equations (A17)—(A19):

Eqa) W)[ (A= Mp)TAp(A = Mp) }
= By(a) W){ATAPA — ATApMy — MyApA + M;APMP]
= MJA, M, +tr(AF AW = MIA,M, — MJA, My + M} A, M,
= (Mg — M) A, (Mg — My) + tr(A; AW (A22)

We plug (A22) into (A21), expand, and use (A20) to resolve the remaining expectations:

tr (By | WEqa )| (A = Mp)TAp(A = My) | + W, |)
= tr (B )| WMy — My)TA, (My — My) + tr(AT ADWW ! + WO, |)
= tr vy (Mg — Mp)TAp (Mg — My) + tr(A; ' AD)Ip, + 14051 Q)

= vqtr(Qq_l(Mq — M,)TA, (M, — M,,)) + Dytr(A;'A]) + vptr(Q Q) . (A23)
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We plug (A23) and (A16) into (A15) to yield the differential cross-entropy:

1 1
Hig, p] = *EDylogV\H — 5l log ||

— 5+ D= Dy —1) (90, (1) + Dy log2 ~log )
+ %(vp + Dy)Dylog2 + %Dnylogr[—i— logFDy(%)
+ %vqtr(ﬂq_l(Mq — Mp)TAp(M, — M,,)) + %Dytr(Aq—lA;)
+ %vqtr(ﬂglﬂp)
1 1 1
= —EDy log |Ap| + E(Vp + Dy — Dy — 1) log |Q] — >V log | Q)| (A24)
+ %(Dy +1)Dylog2 + %Dny log 7
+10gTp, () = 2 (v + De ~ Dy — 1iin, (2)
+ %vqtr(ﬂq_l(Mq — Mp)TAp(My — My))

1 _ _
+5Dytr(A, TAD) +vgtr(Q, 1)
This concludes the proof. O

Appendix G. Entropy of a Matrix Normal Wishart

Proof. Consider a matrix normal Wishart distribution:
9(©) = MNW(A,W [ Mg, A7, Q0" ).

By definition, a differential entropy H|[q] of a distribution q is a special case of a differential
cross-entropy H|[g, p] of g from another distribution p, where p = ¢, i.e., H[q] = H|[q,q].
Plugging in (the parameters of) p = g into (A24) from Appendix F, we get the entropy:

1 1 1
H[g] = —EDylog\Aﬂ + E(vq—l—Dx — Dy —1)log |Qy| - qulog|0q|

1 1
+ E(Dy +1)Dylog2 + 5DxDy log

Vg 1 Vg
1 QY (M, — M,)TA, (M, — M, 1D ATIAT 1 oo
+ vt (O (Mg — My)TAq(My = My) ) +5 Dy tr(A7 ' AT) 457 tr(Q 1)

=0 =Dy :D}/

1 1
= —EDylog\A,ﬂ + E(Dx — Dy — 1) log |y

1 1 1
+ 5 (Dy +1)Dylog2 + 5 DyDylog 7 + 5 (Dx + vq) Dy

v 1 v
+10gT'p, () = 5 (Vg + Dx — Dy = )¢, ().

This concludes the proof. O
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Appendix H. KL-Divergence of a Matrix Normal Wishart from a Matrix
Normal Wishart

Proof. Consider two matrix normal Wishart distributions over the same parameters O:
9(©) = MNW(A,W [ My, A7, 0 v,)
MNW(AW | My, A QL vp).

=

—~
©)

~—
I

By definition, a KL-divergence Dk [q]|p] of a distribution g from another distribution p
is the difference between the differential cross-entropy H|g, p] of g from p (A24) and the
entropy of g (14) [50]:

1 1 1
Dkr(qllp] = —EDylog|Ap| + E(I/p + Dy — Dy — 1) log |Qy| — Evplog|Qp|

1 1
+ 5(Dy +1)Dylog2 + 5DxDy log

2
v 1 1%
+1ogrDy(7") — 5 (vp+ Dy =Dy — 1)¢Dy(§)
1 . 1 . 1 _
+ Svptr Q71 (Mg — My)TA, (M — My) ) + 5Dy tr(A7 AT + Sptr(071 Q)

1 1
+ EDylog |Aq] — E(Dx — Dy —1)log Q]
1 1 1
- E(Dy +1)Dylog2 — EDny log 7w — E(Dx +v4)Dy

Vg 1 Vg
7logIﬁDy(E) + 2(1/q+Dx - D, —1)1/1Dy(?)

1 [Aql 1 Q] 1
= -Dylog = 4 “y log -1 — (D D
2Pr OB 5, [+ 2" OB I, g (Pr )y

v, 1% 1 v,
- IOgFDy(Eq) +10gTDy(7p) + E(Vq - Vp)‘l’Dy(jq)

1 , 1 ) B
+ qutr(ﬂq H(My — Mp)TAy(My = My) ) + S Dytr(AFAT) +vytr(07102,).

This concludes the proof. [

Appendix I. Cross-Entropy of a Matrix Normal Wishart Relative to a
Multivariate Normal

Proof. Consider a matrix normal Wishart distribution g and a multivariate normal distri-
bution p:

9(©) = MNW(A,W [ My, A, Q. vy)
p(y1©,x) = N(y|ATx, W),
The differential cross-entropy H|[q, p| of q relative to p is
Hlq, p] = Eqo) ~log p(y| ©,%) |
= —%Eq(g){log|W|} +%Dylog2+%Dylog7( (A25)
A T

The first expectation again is the expectation of a Wishart log-determinant [28] (A16). For
the second expectation, we make use of the factorization of a matrix normal Wishart, bring
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the term (a scalar) in trace form, apply E,[ tr(-)] = tr(E;[ - |) [27] and the cyclic property of
tr, and rearrange as follows:

Ey(e)| (v — ATx)TW(y — ATx)
= ]Eq(W)[Eq(A | W)[ (y— ATx)TW(y — ATx) } }
- tr(]Eq(w)[Eq(A | w){W(y —ATx)(y -~ ATX)T} D
E

= tr( q(w)[WEq(A ‘ W)[ (y—ATx)(y — ATx)T} D . (A26)

We expand the term in the inner expectation and plug in (A17) and (A19) (with B = xxT):

Eqaw)| (v — ATx)(y — AT)T |
=yyT —Eq(A\W)[yxTA} (A|W){ATx]/T} +Eqaiw) [ATxxTA]
=yyT —yx'E (A\W){A} -E (A|w){AT}xyT +Eq(A‘W)[ATxxTA]
= yyT —yx™My — MIxyT + MJxxTMy + tr(A; ! (xxT) )W
= (y = Mx)(y — M{x)T + tr(A;  xxT)W !
= (y— MJx)(y — MIx)T+xTA; W1 (A27)

Note that all terms are within a trace, so we can apply the cyclic property of the trace, and
xTx is a scalar. We plug in (A27) into (A26) and use (A20) to solve the expectation:

Eyo)] (v~ ATx)TW(y — ATx)|
s Wy = MIx)(y = MI)T +xTA w1 | )

aw)| W(y — Mlx)(y — MIx)T + xTA,;lx&W*1 D

:IDy

(
(
= tr (B )| W(y = MIx)(y = MI)T | ) + xTA; xtr(Ip, )
(
(

Yy — M}x)(y — ng)T) + xTAglny
= vy — MIx)TO (y — MJx) + xTA; XD, . (A28)

We plug (A28) and (A16) into (A25) to yield the differential cross-entropy:

1 1
Hlg, pl = ¢Dy( )+ 510810y| + 5Dy log 7
1 _ 1 _
+ qu(y - MIx)TQ (y — MIx) + ExTAq xDy, .
This concludes the proof. [
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